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Abstract 

Let X = Spec A be a normal affine variety over an algebraically closed field k of char- 
acteristic endowed with an effective action of a torus of dimension n. Let also d be a 
homogeneous locally nilpotent derivation on the normal affine Z"-graded domain A, so 
that d generates a A; + -action on X. 

We provide a complete classification of pairs (X, d) in two cases: for toric varieties 
(n = dimX) and in the case where n = dim A — 1. This generalizes previously known 
results for surfaces due to Flenner and Zaidenberg. As an application we show that ker d is 
finitely generated. Thus the generalized Hilbert's fourteenth problem has a positive answer 
in this particular case, which strengthen a result of Kuroda. As another application, we 
compute the homogeneous Makar-Limanov invariant of such varieties. In particular we 
exhibit a family of non-rational varieties with trivial Makar-Limanov invariant. 
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Introduction 

Let k be an algebraically closed field of characteristic 0. For an algebraic torus T ~ (k*) n acting 
on an algebraic variety X, the complexity of this action is the codimension of the general orbit. 
Without loss of generality, we restrict to effective T-actions, so the complexity is dimX — dimT. In 
particular, a T- variety of complexity has an open orbit and thus is a toric variety. It is well known 
that a T-action on X = Spec A gives rise to an M-grading on A, where M is a lattice of rank n. 

More generally, let A = © meA / A m be a finitely generated effectively M-graded domain and 
K = Frac A. For any m E M we let 

K m = {f/g G K : f G A m+e ,g G A e } . 
\2000 Mathematics Subject Classification] 14R05, 14R20, 13N15, 14M25 
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Then A m C K m , and k C Iyq C if are field extensions. Letting {^i, . . . , fj, n } be a basis of M, we fix 
for every i = 1, . . . , n an element x w G Ku t . For every m = Y2i a «Mi we have if m = x m ifo) where 
_ rj^^w)^. Thus, without loss of generality, we assume in the sequel that 

^4=0 A mX m C K [M], where i ra a 0l 

and i£o[M] denotes the semigroup -Ko-algebra of M. In this setting, the complexity of the T-action 
equals the transcendence degree of Kq over k. In particular, for a toric variety X, Kq = k, and x m 
is just a character of T regarded as a rational function on X. 

There are well known combinatorial descriptions of normal T-varieties. For toric varieties see 
e.g., [DeJ, Chapter 1 in [KKMSJ, and [OdJ. For complexity 1 case see Chapters 2 and 4 in [KKMSJ, 
and more generally |Tiit |Ti2| . Finally for arbitrary complexity see [AlHal lAHSj^l . 

We let N = Hom(M,Z), Mq = M ® Q, and Nq = N <g) Q. Any affine toric variety can be 
described via the weight cone <7 V C Mq spanned over Q^o by all m G M such that A m ^ {0} or, 
alternatively, via the dual cone a C Nq. Similarly, the description of normal affine T-varieties of 
complexity 1 due to Altmann and Hausen deals with a polyhedral cone a C Nq (dual to the weight 
cone <7 V C Mq), a smooth curve C, and a divisor D on C whose coefficients are polyhedra in Nq 
invariant by translation in a. The degree degD is defined as the Minkowski sum of the coefficients 
of D (see Subsection II . 1 1 for precise definitions). 

For affine surfaces with a C*-action an alternative description^] was proposed in FIZai . This 



description was used in FlZa2 in order to classify all C+-actions on normal C*-surfaces. Generalizing 
this construction, in the present paper we use the description in |AlHa] to classify normal affine 
T-varieties of complexity or 1 endowed with a A; + -action. 

A /c + -action gives rise to a locally nilpotent derivation (LND) on A. To any LND on A we 
can associate a homogeneous LND which maps homogeneous elements into homogeneous elements, 
see Lemma fl.101 A homogeneous LND d on A = © m€ M A m x m Q Ko[M] can be extended to a 
derivation on _Kq[M]. We say that d is of fiber type if d(Ko) = and of horizontal type otherwise. 

In Theorem 12 .71 we obtain a classification of homogeneous LNDs on toric varieties. For T-varieties 
of complexity 1, such a classification is given in Theorems 13 . 8 1 ( for fiber type) and !3.27l (for horizontal 
type). These theorems are the main results of the paper. 

We show as a corollary that the equivalence classes of homogeneous LNDs on the toric variety 
defined by the cone a C Nq are in one to one correspondence with the extremal rays of a (see 
Corollary I2.10p . This is also true for normal affine T-varieties of complexity 1 over an affine curve 
C. Over a projective curve C, these classes are in one to one correspondence with the extremal 
rays of a disjoint from the polyhedron deg£) (see Remark 13. 13H . The classification of homogeneous 
LNDs of horizontal type is more involved, see Corollary 13.291 

As an application, we show that for a homogeneous LND d on a T-variety of complexity or 
1, the kernel ker<9 that is, the ring of invariants of the associated fc_|_-action, is finitely generated. 
Thus, in this particular case, the generalized Hilbert's fourteenth problem has a positive answer (see 
Theorem 14. ip . This strengthens a previously known result due to Kuroda |Kuj . 

The Makar-Limanov invariant |ML| is an important tool which allows, in particular, to dis- 
tinguish certain varieties from the affine space. For an algebra A, this invariant is defined as the 
intersection of the kernels of all locally nilpotent derivations on A. For graded algebras, we introduce 
a homogeneous version of the Makar-Limanov invariant. For T-varieties of complexity and 1 we 

1 In the case of complexity 1, the descriptions in |AlHa| and IT12I are equivalent and agree with the one in [KKMSI 

Chapters 2 and 4], see IT12I Section 6] and [Vo| . 

2 Which is actually equivalent, see Example 3.5 in AIHa . 
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give an explicit expression of the latter invariant. The triviality of the homogeneous Makar-Limanov 
invariant implies that of the usual one. As an application we exhibit in Subsection 14.31 a family of 
non-rational varieties with a trivial Makar-Limanov invariant. 

The content of the paper is as follows. In Section 1 we recall the combinatorial description of 
T-varieties due to Altmann and Hausen, and also some generalities on locally nilpotent derivations 
and /c+-actions. In Sections [2] and [3] we obtain our principal classification results for toric varieties 
and for T-varieties of complexity 1, respectively. The comparison with previously known results 
in the surface case is given in subsection 13.31 Finally in Section |4] we provide the applications to 
Hilbert's fourteenth problem and to the Makar-Limanov invariant. 

In the entire paper k is an algebraically closed field of characteristic 0, except in Section [21 where 
k is not necessarily algebraically closed. 

The author is grateful to Mikhail Zaidenberg for posing the problem and permanent encourage- 
ment, and to Dimitri Timashev for useful discussions. 



1. Preliminaries 
1.1 Combinatorial description of T-varieties 

Let N be a lattice of rank n and M = Hom(iV, Z) be its dual lattice. We fix dual bases {v\ } • • • , u n } 
and {fj,i, ■ ■ ■ ,fj, n } for N and M, respectively. We also let Nq = N ® Q, Mq = M ® Q, and we 
consider the natural duality Mq x Nq — > Q, (m,p) i— > (m,p). 

Let T = Spec k[M] be the corresponding n-dimensional algebraic torus associated to M. Thus 
M is the character lattice of T and iV is the lattice of 1-parameter subgroups. It is customary to 
write the character associated to a lattice vector m E M as x m , so that x m is the comorphism of 
the morphism k[t] — ► fc[M], t*—>m |Od]. 

Let X = Specj4 be an affine T- variety. It is well known that the morphism A — > A ® k[M] 
induces an M-grading on A and, conversely, every M-grading on A arises in this way. Furthermore, 
a T-action is effective if an only if the corresponding M-grading is effectivqj. 

Let A = © meA/ A m x m be a finitely generated effectively M-graded domain. The weight cone 

<j v C Mq of A is the cone spanned by all the lattice vectors m € M such that A m ^ {0}. In the 

.v 

M 



sequel for a cone <r v C Mq, we let crV^ = <7 V fl M denote the set of lattice points in cr v , so that 



A — A n 



■X 



Since A is finitely generated, the cone cr v is polyhedral and since the grading is effective, cr v is of 
full dimension or, equivalently, a is pointed^. 

An affine T- variety of complexity is a toric variety. There is a well known way of describing affine 
toric varieties in terms of pointed polyhedral cones in Nq. To any such cone a C Nq we associate 
an affine semigroup algebra fefo - ^-] := © m£o -v^ kx m and an affine toric variety X = Spec k [o"]^]. 
Conversely, for an affine toric variety the corresponding cone a is the dual of the weight cone <r v . 
We note that in this particular case, <r v C Mq is the cone spanned by all lattice vectors m £ M 
such that the character x m - T ^ k* extends to a regular function on X. 

In [AIHa] , a combinatorial description of affine T-varieties of arbitrary complexity is given. In 
what follows we recall the main features of this description specialized to the case of complexity 1 



torus actions. In Tij a combinatorial description of complexity 1 actions of reductive groups is given 



3 We say that an M-graded algebra A is effectively graded by M if the set {m £ M : A m 7^ 0} is not contained in a 
proper sublattice of M. 

4 A cone in a vector space is called pointed if it contains no subspaces of positive dimension. 
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and in IT12I it is specialized for torus actions. For torus actions of complexity 1, the descriptions in 
[AlHaJ and |Tii| are equivalent and agree with the one given earlier (in a slightly more restrictive 
setting) by Mumford [KKMSl Chapters 2 and 4], cf. ^\ and [Voj . 

Definition 1.1. (i) Let a be a pointed cone in Nq. We define PoLj-(Aq) to be the set of all 
cr-tailed polyhedra, i.e. polyhedral domains in Nq which can be decomposed as the Minkowski 
sum of a compact polyhedron and a. The set Po1 (T (A 7 q) equipped with the Minkowski sum 
forms an abelian semigroup with neutral element a. 

(ii) We let also CPLq (cr v ) denote the set of all piecewise linear Q- valued functions h : cr v — > Q 
which are upper convex and positively homogeneous, i.e. 

h(m + m!) ^ h(m) + h(m'), and h(Xm) = Xh(m), Vm, m! G cr v , VA G Q^o • 

The set CPLq (a v ) with the usual addition forms an abelian semigroup with neutral element 
0. 



For a polyhedron A £ Po1 ct (./Vq) we define its support function 

h& : er v —* Q, m 1— > min(m, A) . 

Clearly, h& G CPLq((t v ). The map Po1 ct (A(q) — » CPLq(<t v ) given by A 1— > /ia is an isomorphism of 
abelian semigroups. 

For the following definition we refer to [AlHa| . 

Definition 1.2. Let C be a smooth curve. A a -polyhedral divisor on C is a formal sum D = 
Yl z eC^ z ' z -> where A z G PoLj^Aq) and A z = cr for all but finitely many values of z. For m G <t v 
we can evaluate 3 in m by letting 5}(m) be the Q-divisor on C 

S(m) = h& z ( m ) ' z ■ 
zee 

A a-polyhedral divisor is called proper if either C is affine or C is projective and the following 
two conditions hold. 

(1) The polyhedron degS) := Ylzec ^2 ^ s a P ro P er subset of the cone a. 

(2) If hd e gZi(m) = 0, then m is contained in the boundary of cr v and a multiple of D(m) is principal. 

These two assumptions are counterparts of the conditions that D(m) is semiample for all m G 
and big for all m contained in the relative interior of cr v , cf . [AIHa] . They are automatically fulfilled 
if C is affine. 

Definition 1.3. A fan which defines a toric variety consists of pointed cones. We need to consider 
more generally objects which we call quasifans. These satisfy the usual definition of a fan except 
that their cones are not necessarily pointed. 

As usual, for a function h G CPLq(cj v ) we define its normal quasifan A(h) as the coarsest 
refinement of the quasifan of <r v such that h is linear in each cone 5 G A(/i). For a cr-polyhedral 
divisor 2) on C, we define its normal quasifan A(£>) as the coarsest common refinement of all 
A(h Az )Vz G C. We have A(£>) = A(/i dcgX) ). 

The following theorem gives a combinatorial description of T- varieties of complexity 1 analogous 
to the classical combinatorial description of toric varieties. This is a specialization of results in 
[AlHaj to torus actions of complexity 1. Alternatively, a direct proof is given in |Ti2| for (1) and (2), 
while (3) is straightforward from loc. cit. See also Theorem 4.3 in |FlZai for the particular case of 
C*-surfaces. 
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Theorem 1.4. (1) To any proper a-polyhedral divisor D on a smooth curve C one can associate a 
normal finitely generated effectively M -graded domain of dimension n + 1, where n = rank(M), 
given bjH 

A[C,S3]= A mX m , where A m = H°(C, Oo(L®MJ)) . 

mecr^ f 

(2) Conversely, any normal finitely generated effectively M -graded algebra of dimension n + 1 is 
isomorphic to A[C, D] for some smooth curve C and some proper a-polyhedral divisor D on C . 

(3) Moreover, the M-graded algebras A[C,D] and A[C',D'] are isomorphic if and only if C ~ C, 
and under this identification, D(m) — D'(m) is principal for all m £ o y M . 



In |FiKaj (see also FIZail ), all C*-surfaces are divided into three types: elliptic, parabolic and 
hyperbolic. In the general case, we will use the following terminology. 

An M-graded domain A = A[C, D] (or, equivalently, a T- variety X) will be called elliptic if C is 
projective. In this case a is of full dimension. A non-elliptic T-variety will be called parabolic if a is 
of full dimension and hyperbolic if a = {0}. If dim X 3, this does not exhaust all the possibilities. 

Example 1.5. Letting N = I? and a = {(0,0)}, in N Q = Q 2 we consider the triangle Ao with 
vertices (0,0), (0, 1) and (-1/4, -1) and the segment Ai = {0} x [0, 1]. 



! 





A CN Q 










1 


l 



Ai C Nq 



Let C = SpecA;[t] and D = Aq ■ [0] + Ai • [1]. In the following picture, for the normal quasifans 
A(/iA )) ^-(^Ai) an d A(S) in Mq = Q 2 , for i = 0, 1 we show the values of hi = on each maximal 



cone. 



in 2 
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(8,-1) 



We let A = A[C,T>] as in Theorem O and X = SpecA The torus T = (k*) 2 acts on X. Since 
C is affine and a = {(0,0)}, X is hyperbolic as T-variety. By Theorem 11.41 we have 



A (4,0) = tk[t], A(_ 1)0 ) 



A { _ A ^ = k[t], and A {8 _ 1} = t{t - l)k[t] . 



5 For a Q-divisor D, [D\ stands for the integral part and {D} for the fractional part of D. 
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An easy calculation shows that the elements 

Ul = -tx&°\ u 2 = X [ - lfi \ n 3 = -x ( - 4>1) , and u 4 = t(t - 

generate A as an algebra. Furthermore, they satisfy the irreducible relation u\ + u\ u\ + U3U4 = 0, 
and so 

A ~ k[x x ,x 2 , x 3 , X4]/ (xi + x\x\ + X3X4) . (1) 

The Z 2 -grading on A is given by degxi = (4,0), degX2 = (—1,0), degX3 = (—4,1), and degX4 = 
(8, —1). The curve C and the proper polyhedral divisor D can be recovered from this description of 
A following the recipe in [AlHal Section 11]. 

We let Kq denote the function field of C. There is a natural embedding of M- graded algebras 
A ^ K [M}. If C is affine, then A m is a locally free j4o" m °dule of rank 1 for every m G o^j. 

Following |FlZaii Proposition 4.12], in the next lemma we show the way in which our combina- 
torial description is affected when passing to a certain cyclic covering. 

Lemma 1.6. Let A = A[C, D], where C is a smooth curve with function held Kq and D is a proper 
a-polyhedral divisor on C. Consider the normalization A' of the cyclic ring extension A[sx e ], where 
e G M, s d = f G A de C Kq and d>0. Then A' = A[C, D'], where C and T>' are dehned as follows: 

(i) If A is elliptic, then A' is also elliptic and C is the smooth projective curve with function held 
Kq[s\. 

(ii) If A is non-elliptic, then A' is also non-elliptic and C = Spec ^4g, where A' Q is the normalization 
of Aq in Kq[s\. 

(Hi) In both cases, T>' = Ylz&c ^ • P*(z), where p : C — > C is the projection. 

Proof. The normalization A' admits a natural M-grading. The latter is defined by the M-grading on 
A and by letting deg sx e = e. Let K = Frac A. Since (sx e ) d — fx de = 0, A' is the normalization of A 
in the function field K' := K[sx% But x~ e G K, so K' = K[s\. Moreover K[s] = K [s] ®Frac k[M], 
so the function field of C is Kq [s] , and A' is the normalization of Aq in the field Kq [s] . This proves 
(i) and (ii). 

For every m G M we have D'(m) = X^eC hz{ m )P*(. z ) = P*(£>(w<))- Therefore for every / G Kq 
there are equivalences: 

div c (/)+2)(m) > O div C /(p*/) + p*(©(m)) > O div C /(/) + S)'(m) >0. 
Let m G cr)^ and let r > be such that D(rd ■ m) is integral. Then 
g£A' m ^ g rd G A rdm & o\\v c {g Td ) + ®{rd ■ m) > 

<^divc'(/ d )+®' (rd-m) > ^ dive (5) + S)'(m) >0, 
which proves (m). □ 

1.2 Locally nilpotent derivations and /c + -actions 

Let A be a commutative ring. A derivation on A is called locally nilpotent (LND for short) if for 
every a £ A there exists n G such that d n (a) = 0. 

Let X = Spec ^4 be an affine variety. Given an LND d on A, the map (fig : k + x A — * A, 
^difi f) = et9 f defines a fc + -action on X, and any &; + -action arises in this way. In the following 
lemma we collect some well known facts about LNDs over a field of characteristic not necessarily 
algebraically closed, needed for later purposes, see e.g., [FrgJlML]. 



Lemma 1.7. Let A be a hnitely generated normal domain over a held of characteristic 0. If d and 
d' are two LNDs on A, then the following hold: 
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(i) ker 5 is a normal subdomain of codimension 1. 

(ii) ker d is factorially closed i.e., ab G ker d =>■ a, 6 G ker 9. 
(iiij If a £ A is invertible, then a G ker 5. 

fiv) If ker 9 = ker 9', then there exist /, /' G ker d such that f'd = fd'. 
(v) For a G A, <9a G (a) da = 0. 
f vi) If a € ker 5, then a<9 is again a LND. 

Definition 1.8. We say that two LNDs d and d' on A are equivalent if ker d = ker & . Geometrically 
this means that the generic orbits of the associated fc_|_-actions coincide, cf. also Lemma 11.71 (iv). 



With dual lattices M and iV as in subsection 11.11 for a field extension k C Kq we consider a 
finitely generated effectively M-graded domain 

^4=0 A mX m , where A m C K 

(we keep our convention from the Introduction regarding M-graded algebras). 

A derivation d on A is called homogeneous if it sends homogeneous elements into homogeneous 
elements. Hence d sends homogeneous pieces of A into homogeneous pieces. 

Let Mq = {m G a w M : d(A m x m ) + 0}. The action of d on homo geneous pieces of A defines a map 
&m '■ Mq — > (t)^ i.e., <9(A m ) C Aa M / m ). By Leibniz rule, for homogeneous elements / G A m \ ker d 
and g G ^4 m ' \ ker d we have 

^(/ff) = fd(g) + gd(f) G A 9(m+TO / ); d M (m + m') = m + d M (m') = rri + 5 M (m) . 

Thus 9jy(m) — m G M is a constant function on Mg. This leads to the following definition. 

Definition 1.9. Let d be a nonzero homogeneous derivation on A. The degree of 9 is the lattice 
vector deg d defined by deg d = deg d(f) — deg(/) for any homogeneous element / ^ ker d. With 
this notation the map 8m '■ Mq — > is just the translation by the vector deg d. 

We also say that an LND d on A is negative if deg d ^ a\ I} non-negative if deg d G cr^, and 
positive if <9 is non- negative and deg d ^ 0. 

It is well known that any LND on A decomposes into a sum of homogeneous derivations, some 
of which are locally nilpotent. In lack of a good reference, in the next lemma we provide a short 
argument. 

Lemma 1.10. Let A be a finitely generated normal M-graded domain. For any derivation d on A 
there is a decomposition d = YleeM ^ej where d e is a homogeneous derivation of degree e. Moreover, 
let A(3) be the convex hull in Mq of the set {e G M : d e / 0}. Then A(d) is a bounded polyhedron 
and for every vertex e of A(d), d e is locally nilpotent if d is. 

Proof. Letting a\,--- ,a r be a set of homogeneous generators of A we have A ~ /cM/I, where 
fcW = k[xi, ■ ■ ■ ,x r ] and I denotes the ideal of relations of a\,--- ,a r . The M-grading and the 
derivation d can be lifted to an M-grading and a derivation d' on fcM ; respectively. 



The proof of Proposition 3.4 in |Fr2l can be applied to an M-grading, proving that & = X^eeM 
where d' e is a homogeneous derivation on fcM. Furthermore, since & (J) C I and I is homogeneous, 
we have d' e (I) C I. Hence d' e induces a homogeneous derivation d e on A of degree e, proving the 
first assertion. 

The algebra A being finitely generated, the set {e G M : d e ^ 0} is finite and so A(<9) is a 
bounded polyhedron. Let e be a vertex of A(<9) and n 1. If ne = Y17=i m i w ith rrij G A(<9) n M, 
then mj = e Vi. For a G A m x m this yields <9™(a) = (<9 n (a)) m+ne , where (3 n (a)) m+ne stands for 
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the summand of degree m + ne in the homogeneous decomposition of d n (a). Hence d e is locally 
nilpotent if d is so. □ 



In the following lemma we extend Lemma 1.8 in |FlZa2 to more general gradings. This lemma 



shows that any LND d on a normal domain can be extended as an LND to a cyclic ring extension 
defined by an element of ker d. Actually (i) is contained in loc. cit. while the proof of (ii) is similar 
and so we omit it. 

Lemma 1.11. (i) Let A be a finitely generated normal domain and let d be an LND on A. Given 
a nonzero element v E ker d and d > 0, we let A' denote the normalization of the cyclic ring 
extension A[u] 3 A in its fraction held, where u d = v. Then d extends in a unique way to an 
LND & on A'. 

(ii) Moreover, if A is M -graded and d and v are homogeneous, with deg v = dm for some m E M, 
then A' is M -graded as well, and u and & are homogeneous with deg u = m and deg & = deg d. 

1.12. Recall that A = ffi™ c „v A m x m , where A m C Kq, Kq is a field containing k and FracA = 
Kq(M) The following lemma provides some useful extension of a homogeneous LND d on A. 

Lemma 1.13. For any homogeneous LND d on A, the following hold: 

(i) The derivation d extends in a unique way to a k-derivation on Kq[M\. 

(ii) If 8(Kq) = then the extension of d as in (i) restricts to a locally nilpotent K^-derivation on 

Proof. The first assertion is evident. To show (ii), suppose that 8(Kq) = 0. Assuming that fx m E 
K [a M ], we consider r > such that A rm / 0. Letting g E A rm , we have f r x rm = f'9X rm f° r some 
/' E Kq. Thus f r x rm is nilpotent an so is fx m - D 

In the setting as in the previous lemma, the extension of d to -KqI^I will be still denoted by d. 



Following FlZa2 we use the next definition. 



Definition 1.14. With A as in 11.121 a homogeneous LND d on A is said to be of fiber type if 
8(Kq) = and of horizontal type if 8(Kq) ^ 0. 

Let A be a finitely generated domain and X = Spec A. In this setting, d is of fiber type if and 
only if the general orbits of the corresponding /c + -action are contained in the closures of general 
orbits of the T-action given by the M-grading. Otherwise, d is of horizontal type. 



2. Locally nilpotent derivations on toric varieties 

In this section we consider more generally toric varieties defined over a field k of characteristic 0, 
not necessarily algebraically closed. This will be important in section [3] below. 

Let M and be lattices as in Subsection 11.11 with mutually dual bases {/xi, • • • ,fJ, n } of M and 
{u\, • • • , u n } of N. A homogeneous derivation on k[M] is uniquely determined by its action on the 
characters x^ 1 > " " " ; X Mn • The following is an analog of partial derivatives. 

Notation 2.1. We define the partial derivative d Vi with respect to V\ as the homogeneous derivation 
on k[M] given by d Ui (x N ) = (fij,Ui) = <%. 



For a field Ko and a lattice M, Ko(M) denotes the function field of Kq[M\. 
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An easy computation shows that d Ui is indeed a derivation. Let Hi, i = 1, . . . , n be the subspace 
of Mq orthogonal to U{, Hf be the halfspace of Mq given by (•, Vi) ^ 0. 

The kernel ker d Vi is spanned, as an algebra, by all characters x m with m £ M orthogonal to Ui, 
i.e., ker d Vi = k[H{ n M]. Since degc^. = — pi, for every m G -ff,^ Pi M, the character x m is nilpotent 
and so the derivation d Ui restricted to the subalgebra k[Hf n M] is a homogeneous LND. On the 
other hand, d Vi is not locally nilpotent in fc[M], in fact for every m ^ Hf n M the character \ m is 
not nilpotent. 

Remark 2.2. (1) Let m £ Hi M. Then d = x m dvi is a derivation on fc[M] of degree m — pi 
equivalent to d Vi . Its restriction to k[Hf D M] is again a homogeneous LND. 

(2) If d stabilizes a subalgebra A C D M], then 8\a is also a homogeneous LND on A and 

ker(dU) = AnklHnM}. 

For the rest of this section, we let a be a pointed polyhedral cone in the vector space Nq, and 

A = k[al)= fc X m 

be the affine semigroup algebra of a with the corresponding affine toric variety X = Spec A. Since 
the cone a is pointed, cr v is of full dimension and the subalgebra A C &[M] is effectively graded by 
M. 

To every extremal ray p C cr we can associate a codimension 1 face r C a v given by r = cj v n . 
We will assume that p is pointed upwards i.e., p is generated as a cone by the vector v = u n in Nq. 
Thus cr v C H+ = H+ = {(•, v) ^ 0} and r C H = H n = {(•, i/) = 0}. We also denote p = p n the 
basis vector dual to v and we refer to the coordinate p as the height. 

Definition 2.3. Let o\ be the cone spanned by all the extremal rays of a except p, so that 
cjV = CT v nF +_ We also let 

S p = a\ n (H - p) n M . 
In particular, the height of e G 5p is — 1. 

This definition can be illustrated on the following picture. 




Lemma 2.4. Let e G M. Then e £ S p if and only if 

(i) e^alj, and 

(ii) m + e £ <7 y M , Vm £ a y M \ t M - 

Proof. Assume first that e £ S p . Then (i) is evident. To show (ii), we let m £ a\j \ tm- Then 
m + e £ H + because the height of m is at least 1. Also m £ a v C a\ yielding m + e £ a^. Thus 

m + e <E (J v = cr^ n 
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To show the converse, we let e G M be such that (i) and (ii) hold. Letting pj, i = 1, ■ ■ ■ , £ be all 
the extremal rays of a except p, for m G Oj^ \ tm we have 



If m G pj- Pi cr^ then (m, pi) = and so (e, pj) ^ Vi. Thus eEffj'. Since e £ ^\ff v , the height of 
e is negative. We have e € (i? — p,), otherwise m + e ^ <r v for any m G cr]^ of height 1. This yields 



Remark 2.5. Since v ^ we have 5 p 7^ 0. Furthermore, by the previous lemma, e + m & S p 
whenever e £ S p and m G tm- 

In the following lemma we provide a translation of Lemma 12.41 from the language of convex 
geometry to that of affine semigroup algebras. 

Lemma 2.6. To any pair (p, e), wiiere p is an extremal ray in a and e is a lattice vector in S p , we 
can associate in a natural way a homogeneous LND d p<e on A = k[cr^j] with kernel ker d p ^ e = &[tm] 
and deg d P)e = e. 

Proof. If a = {0}, then a has no extremal rays, so the statement is trivial. We assume in the sequel 
that a has at least one extremal ray p generated by the lattice vector v. Consider the homogeneous 
LND d P)e = x e+ ^d u on k[H + n M] from Remark l2.2l (1). By this remark deg<9p ie = e and by Lemma 
\2A\ d P * stabilizes A. Hence by Remark 12.21 (2). d Pte is a homogeneous LND on A with kernel &[tm]j 
as required. □ 

The following theorem completes our classification. 

Theorem 2.7. If d ^ is a homogeneous LND on A, then d = Xd Pte for some extremal ray p on a, 
some lattice vector e G S p , and some A G k* . 

Proof. The kernel ker d is a subsemigroup subalgebra of A of codimension 1. Since ker d is factorially 
closed (see Lemma ll.7p . it follows that ker d = k[a^ n H] for a certain codimension 1 subspace H 
of Mq. 

If er v n H is not a codimension 1 face of a v , then H divides the cone <r v into two pieces. Since 
the action of d on characters is a translation by a constant vector deg d, only the characters from 
one of these pieces can reach H in a finite number of iterations of d, which contradicts the fact that 
d is locally nilpotent. 

In the case where <r v n H = r is a codimension 1 face of cr v , we let p be the extremal ray dual 
to r. Since d is an homogeneous LND, the translation by e = deg d maps (a^ \ tm) m to a^- So by 
Lemma [231 e G S p and d = A<9 Pje , as required. □ 

From our classification we obtain the following corollaries. 

Corollary 2.8. A homogeneous LND d on a toric variety is uniquely determined, up to a constant 
factor, by its degree. 

Proof. By Theorem 12.71 we have d = \d P)e where e = deg d. We claim that the codimension 1 face 
r, and thus also p, is uniquely determined by deg d. Indeed, r is the unique codimension 1 face of 
cj v mapped outside c v by the translation on deg d. □ 



Corollary 2.9. Every homogeneous LND d on a toric variety X is of fiber type and negativ$\. 

Proof. The first claim is evident because T acts with an open orbit. By Theorem [221 an y LND on a 
toric variety is of the form \d p ^ e . Its degree is deg <9 Pje = e G S p and S p Ha v = 0, so d is negative. □ 

7 See Definitions [L9l and fOg 



(m + e, pi) = (m, pi) + (e, p t ) ^0, Vi G {1, • • • 



e G S p . 



□ 
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Corollary 2.10. Two homogeneous LNDs d = A<9 Pje and d' = X'd p ^ e i on A are equivalent if and 
only if p = p' . In particular, there is only a finite number of pairwise non-equivalent homogeneous 
LNDs on A. 

Proof. The first assertion follows from the description of ker d p ^ e in Lemma 12.61 and the second one 
from the fact that a, being polyhedral, it has only a finite number of extremal rays. □ 

Example 2.11. With N = Z 3 we let a be the cone spanned in Nq by the lattice vectors n\ = (1, 0, 0), 
n 2 = (0,1,0), n 3 = (1,0,1), and ri4 = (0,1,1). The dual cone cr v C Mq = Q 3 is spanned by the 
lattice vectors m\ = (1,0,0), m 2 = (0,1,0), m 3 = (0,0,1), and = (1,1,-1). Furthermore, the 
algebra A = k[(7j^] is generated by U{ = x m S i = 1, . . . ,4 and these elements satisfy the irreducible 
relation u\u 2 — u 3 u^ = 0. Thus 

A ~ k[x x ,x 2 ,x 3 , 24]/ (xix 2 - £3x4) • (2) 

Corollary 12.101 shows that there are four non-equivalent homogeneous LNDs on A corresponding 
to the extremal rays pi^o spanned by rij. By a routine calculation we obtain 

S pi = {(-1, b, c) G M : b > 0, c > 1}, S P2 = {(a, -1, c) G M : a > 0, c ^ 1}, 

S P3 = {{a, b, c) e M :a^0,b + c^0,a + c = -1}, and 

S p4 = {(a,b,c) G M :b^0,a + c^0,b + c = -1} . 

Letting e\ = (-1,0, 1), e 2 = (0, -1, 1), e 2 = (0, 1, -1), e 4 = (1,0, -1), and <9j = d Puei , we have 

d 1 = X m *d Vl , d 2 = X m3 d l/2 , d 3 = x m4 d„ 1+ x m2 d us , and d 4 = X m4 «9, 2 + Y™ 1 ^ , 

where {v\, u 2 , u 3 } is the canonical basis of N. Finally, under the isomorphism of ([2]) the four homo- 
geneous LNDs on A are given by 

A 9 1 5 A 9 s 9 
Ol=X 3 ^ hl27 , 02=^3- hXi- , 

OX 1 OX 4 OX 2 OX4 

a d d d d 
o 3 = X4- \-x 2 - — , and d 4 = x 4 - hxi- — . 

OX\ ox 3 ox 2 ox 3 

3. Locally nilpotent derivations on T-varieties of complexity 1 

In this section we give a complete classification of homogeneous LNDs on T-varieties of complexity 
1 over an algebraically closed field k of characteristic 0. In the first part we treat the case of a 
homogeneous LNDs of fiber type, while in the second one we deal with the more delicate case of 
homogeneous LNDs of horizontal type. 

We fix the n-dimensional torus T, a smooth curve C and a proper cr-polyhedral divisor D = 
^2 ze( j A 2 • z on C. Letting Kq be the function field of C, we consider the affine variety X = Spec^4, 
where 

A = A[C,<D] = A mX m , with A m = H (C,O(l®(m)\))QK . 

We denote by h z = hj\ z the support function of A z so that D(m) = Ylz&c ^( m ) ' z - We also fix a 
homogeneous LND d on A. 

In this context, we can interpret Definitions 11.91 and 11.141 as follows. 

Lemma 3.1. With the notation as above, let d be a homogeneous LND on A. Then the following 
hold. 
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(i) If d is of fiber type, then d is negative and ker<9 = ® meTM A m x m , where r is a codimension 
1 face of <7 V . 

(ii) Assuming further that A is non-elliptic, d is of fiber type if and only if d is negative. 

Proof. To prove (i) we let d be a homogeneous LND of fiber type on A. By Lemma 11.131 we can 
extend d to a homogeneous LND d on A = Ko[a^] which is an affine semigroup algebra over 
Kq. Since 8(Kq) = 0, 3 is a locally nilpotent i^o-derivation. It follows from Corollary 12.91 that 
deg d = deg d ^ cr y M , so d is negative. 

Furthermore, Lemma 12.61 and Theorem 12.71 show that ker<9 = Kq[tm], where r is a codimension 
1 face of <7 V . Thus 

ker5 = ^nkera= (A m nK ) X m = A mX m , 

which proves (i). 

To prove (ii) we assume further that A is non-elliptic. Let d be a negative homogeneous LND on 
A. Let d be the extension of d to -Ko[M] as m Lemma [1.131 Since d is negative, d{A$) C A^ eg g = 0. 
Since A is non-elliptic we have Kq = Frac^o, so B(Kq) = and d is of fiber type. □ 

Remark 3.2. In the elliptic case, the second assertion in Lemma 13.11 does not hold, in general. 
Consider for instance the elliptic /c-domain A = k[x,y] graded via deg x = degy = 1. Then the 
partial derivative d x is a negative homogeneous LND of horizontal type on A. 

3.1 Homogeneous LNDs of fiber type 

In this subsection we consider a homogeneous LND d on A of fiber type. Let as before A = i^of^jv/] 
be the affine semigroup algebra with cone a G Nq over the field Kq. By Lemma I1.13| d can be 
extended to a homogeneous locally nilpotent i£"o-derivation on A. To classify homogeneous LNDs 
of fiber type, we will rely on the classification of homogeneous LNDs on affine semigroup algebras 
from the previous section. 

If a has no extremal ray then a = and cr v = Mq. By Lemma 13.11 in this case there are no 
homogeneous LND of fiber type. So we may assume in the sequel that a has at least one extremal 
ray, say p. Let r be its dual codimension 1 face, and let S p be as defined in Lemma 12.41 

Lemma 3.3. For any e G S p , 

D e := \ max (h z (m) — h z (m + e)) • z 

zeC ^ V MVM 

is a well defined Q>-divisor on C. 

Proof. By Lemma [2.41 for all m G o y M \ tm, m + e is contained in cr^ and thus h z (m) and h z {m + e) 
are well defined. Recall that for any z G C, the function h z is upper convex and piecewise linear 
on cj v . Thus the above maximum is achieved by one of the linear pieces of h z i.e., by one of the 
maximal cones in the normal quasifan A(h z ) (see Definition 1 1 .3j) . 

For every z G C, we let {d~i tZ , • • • , o~t z ,z} be the set of all maximal cones in A(h z ) and g r ^ z , r G 
{1, • • • ,£ z } be the linear extension of h z \$ r z to Mq. Since the maximum is achieved by one of the 
linear pieces we have 

max (h z (m) — h z (m + e)) = max (— <7 rjz (e)). 
m&<T w M \T M " re{l,-,4} 

Since g r ,z(e) 6 Q V(r, z), D e is indeed a Q-divisor. □ 

Remark 3.4. With the notation as in the preceding proof we can provide a better description of D e . 
Since r is a codimension 1 face of a y , it is contained as a face in one and only one maximal cone 
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5 r>z . We may assume that r C 8\ jZ . By the upper convexity of h z we have #i, z (e) ^ 9r,z(e) Vr and 
so D e = - Ylzec9iA e ) • z - 

Notation 3.5. We let <E> e = H°(C, Oc([— D e \)). Thus for any <p £ <3? e and any m £ a\ f \ tm we 
have 

(p) ^ [L> e ] ^ D e ^ £(m) - 2)(m + e) = ^{h z {m) - + e)) • z. 

zee 

There is a natural way to associate to ip £ <3? e a homogeneous LND of fiber type on A. More 
precisely we have the following lemma. 

Lemma 3.6. To any triple (p, e, if), where p is an extremal ray of a, e £ S p is a lattice vector, and 
ip E $ e , we can associate a homogeneous LND d Pfi ^ on A = A[C, T>] with kernel 

kerd p , e , v = A mX m . 
m£TM 

Proof. Letting A = Ko[o~Yf]i we cons ider the iio-LND d P)e on A as in Lemma 12.61 Since ip E Kq, 
(pd Pt e is again an Kq-LND on A. 

We claim that <pd p ^ e stabilizes A C A. Indeed, let / G A m C i£" be a homogeneous element so 
that div/ + [£>(m)J > 0. If m E tm, then (pd p>e (fx m ) = 0. If m G \ tm, then 

<pd P Mx m ) = vfd P Ax m ) = mwfx m+e , 

where mo := {m,po) £ Z>o for the primitive vector po of the extremal ray p. Moreover by virtue of 
Notation 13.51 



div(m (pf) + |£>(m + e )J = div v? + div / + |_£>(m + e)J 

^ £>(m) - 2)(m + e) - [£>(m)J + |£>(m + e)J 
= {D(m)} - {£(m + e)}. 

Since the divisor div(mo<^/) + [D(m + e)J is integral and all the values of the divisor {D(m)} — 
{D(m + e)} are in the interval ] — 1, 1[ we have 

div(mo^/) + [Tl(m + e)\ ^ and so rriQpf £ A m+e , 

yielding the claim. Finally d p ^ tlfi := p>d p ^A is an homogeneous LND on A with kernel kerc^e^ = 
®mer M ^x"", as desired. □ 

Remark 3.7. We have shown actually that <pA m C A m+e for any m £ \ tm and any ip £ $ e . It 
is easily seen from the construction of the divisor D e that all the functions ip E i"Co with the latter 
property are contained in $ e . 

The following theorem gives the converse of Lemma 13.61 and so completes our classification of 
homogeneous LNDs of fiber type on T- varieties. 

Theorem 3.8. Every homogeneous LND d of fiber type on A = A[C, S] is of the form d = d Pfi ^ 
for some extremal ray p C a, some lattice vector e £ S p , and some function ip E $ e . 

Proof. Since d is of fiber type, d\x =0 and so d can be extended to a ifo-LND d on the affine 
semigroup algebra A = K$ [c^] . By Theorem 12.71 we have d = ipd Pte for some extremal ray p of 
<t, some e £ S p and some ip £ Kq. Since A is stable under ipd P:e , by Remark 13.71 ip £ <& e and so 

d = <pd p>e \A = d P)ei(p . □ 

Corollary 3.9. Let as before X = Specj4 be a T-variety of complexity 1, d be a homogeneous 
LND of hber type on A, and let fx" 1 G A \ ker d be a homogeneous element. Then d is completely 
determined by the image gx m+e '■= d(fx m ) G i m +cX m+e - 
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Proof. By the previous theorem d = d P)f , ;t p for some extremal ray p, some e G S p , and some tp G $ e) 
where e = deg 9 and p is uniquely determined by e, see Corollary 12.81 

In the proof of Lemma 13.61 it was shown that <9p,e,^(/x m ) = m o L Pfx m+e ■ Thus ip = G Kq is 
also uniquely determined by our data. □ 

Corollary 3.10. Two homogeneous LND d = d pfi ^ and d' = d p i e i )Lp i of fiber type on A are 
equivalent if and only if p = p' . In particular, there is a finite number of pairwise non-equivalent 
LNDs of fiber type on A. 

Proof. The first assertion follows from the description of ker d Pte ^ in Lemma 13.61 The second one 
follows from the fact that a has a finite number of extremal rays. □ 

It might happen that 5> e = H°(C,Oc([—D e \)) as above is empty. Given an extremal ray p C a, 
in the following lemma we give a criterion for the existence of e G S p such that $ e is non-empty. 

Lemma 3.11. Let A = A[C,D], and let p C a be an extremal ray dual to a codimension one face 
t C (j v . There exists e G S p such that <l? e is non-empty if and only if the curve C is affine or C is 
projective and /tdegslr ^ 0. 

Proof. If C is affine, then for a Z-divisor D the sheaf Oc{D) is generated by the global sections. It 
follows in this case that <5 e 7^ 0. 

Let further C be a projective curve of genus g. If deg|_— D e \ < then <£ e = 0. On the other 
hand, by the Riemann-Roch theorem $ e 7^ if deg|_— D e \ g (see Lemma 1.2 in [Hat Chapter IV]). 

Letting h = /idegS = Szec^ 2 ' with the notation of Remark 13.41 we have h\ T = J^zecd 1 ^ anc ^ 
deg(— D e ) = YlzeC 9i,z( e )- By the definition of proper cr-polyhedral divisor, h(m) > for any m in 
the relative interior of <r v . 

If h\ T = then by the linearity of g\ jZ we obtain that deg(— D e ) < 0, so deg[— D e \ < and <I> e 
is empty. 

If h\ T ^ then by the upper convexity of h, h(m) > for all m in the relative interior of r. 
By Remark 13. 4} deg(— D e ) is linear on e and so, according to Remark 12 .5} we can choose a suitable 
e G S p so that deg[—D e \ ^ g. Hence $ e is nonempty. □ 

We can now deduce the following corollary. 

Corollary 3.12. Let A = A[C,T>], and let p C a be an extremal ray dual to a codimension one 
face rCff v . There exists a homogeneous LND of hber type d on A such that ker d = (J) mgTM A m x m 
if and only if C is affine or C is projective and p n deg D = 0. 

Proof. Since pHdegD = is equivalent to /idegslr ^ 0, the corollary follows from Theorem 13.81 and 
Lemma 13.111 □ 

Remark 3.13. By Corollaries 13.101 and 13.121 the equivalence classes of LNDs of horizontal type on 
A = A[C, D] are in one to one correspondence with the extremal rays p C a if C is affine and with 
extremal rays p C a such that p D deg D = if C is projective. 

Remark 3.14. As stated in the introduction, Altmann and Hausen [AlHaj gave a combinatorial 
description of normal affine T- varieties of arbitrary complexity. In the notation of loc. tit., let C 
be a semiprojective variety and D be a proper cr-polyhedral divisor on C so that Specj4[C7, D] is a 
T- variety of complexity dimC. 

In this more general setting, Lemma 13.61 and Theorem 13.81 hold, with the same proofs, for 
homogeneous LNDs of fiber type on an affine T-variety of arbitrary complexity. 
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3.2 Homogeneous LNDs of horizontal type 

Let A = A[C,D], where D is a proper u-polyhedral divisor on a smooth curve C. We consider a 
homogeneous LND d of horizontal type on A. We also denote by d its extension to a homogeneous 
fc-derivation on A"o[M], where Kq is the field of rational functions of C (see Lemma 11,131 (i)). 

The existence of a homogeneous LND of horizontal type imposes strong restrictions on C, as we 
show in the next lemma. 

Lemma 3.15. If there exists a homogeneous LND d of horizontal type on A = A[C, T>], then C ~ P 1 
in the case where A is elliptic and C ~ A 1 in the case where A is non-elliptic. In the latter case A m 
is a free AQ-module of rank 1 for every m £ crY, and so 

A m = PmAo for some (p m £ A m such that div(</? TO ) + |_®( m )J = 0. 

Proof. Let ir : X = Spec A — > C be the rational quotient for the T-action given by the inclusion 
it* : Kq K = Frac A. Since X is normal, the indeterminacy locus Xq of n has codimension greater 
than 1, and so the general orbits of the /c + -action corresponding to d are contained in X \ Xq. 

Since d\x ^ 0, the general orbits of the /c+-action on X are not contained in the fibers of ir, so 
map dominantly onto C. Hence C being dominated by A 1 we have C ~ P 1 in the elliptic case and 
C ~ A 1 in the non-elliptic case. 

Thus, if C is affine then Aq = k[t] and so A m is a locally free ^4o- m °dule of rank 1 for any 
m £ o~M. By the primary decomposition, any locally free module over a principal ring is free and 
so A m ~ Aq as a module (see also Ch. VII §4 Corollary 2 in [Bu| ) . Now the last assertion easily 
follows. □ 

3.16. For the rest of this section we let Kq = k(t), C = P 1 in the elliptic case, and C = A 1 otherwise. 
We also let Sg be the set of all lattice vectors m £ M such that ker d n A m x rn / {0}, L(d) C M 
be the sublattice spanned by Sq, and w v ' {&) be the cone spanned by Sq in Mq. We write L and u y 
instead of L(d) and to v (d) whenever d is clear from the context. 

Lemma 3.17. Let A = A[C, D], where D is a proper a-polyhedral divisor on C, and let d be a 
homogeneous LND of horizontal type on A. With the notation as above, the following hold. 

(1 ) The kernel ker d is a semigroup algebra given by ker d = 0, mew v kip 

mX"*! where (p m G A m . 

(2) In the non-elliptic case div(y? m ) + D(m) = 0, while in the elliptic one div((/7 m ) + D(m) = A - [zoo] 
for some Zoo £ P 1 and some positive A £ Q. 

(3) The cone tu v is a maximal cone of the quasifan A(2)) in the non-elliptic case, and of the quasifan 
A(5}|pi\{ 2oo j) in the elliptic one. In particular, rank(L) = n. 

(4) M is spanned by deg<9 and L. More precisely, any m £ M can be uniquely written asm = 
/ + r deg d for some I £ L and some r £ Z with ^ r < d, where d > is the smallest integer 
such that ddegd £ L. 

Proof. Since k C ker d we have £ Sg. If m, m! £ Sg then m + m 1 £ Sg and so Sg is a subsemigroup 

Of G y M . 

For any / £ Kq = k{t) we have d(f) = f'{t)d{t), where d(t) ^ since d is of horizontal type. 
Thus d(f) = if and only if / is constant. Let us fix m £ Sg. If (p m , ip' m £ ker dr\A m x m are nonzero, 
then ip m /tp' m £ ker d n Kq = k and so ip' m = \(p m for some A £ A;*. 

Hence ker d = © mG £ a kip m x m and ker d is a semigroup algebra. Since ker d is normal, Sg is 
saturated, and so Sg = oj y L , which proves (1). 

To prove (2), we assume first that C is affine. Given m £ cj^, we let ip m be as in Lemma 13.151 
Since ker d is factorially closed, if ftfmX" 1 G kerdnAmx" 1 for some / £ Aq, then / £ ker<9n^4o = k 
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and (p m x m G ker<9 n A m x m ■ The latter implies that (p r m x rm £ ker<9 n A rm x rm Vr ^ 1, and so 
rL3(m)J = |_r2)(m)J Vr ^ 1. Hence 2)(m) is an integral divisor, which yields (2) in the non-elliptic 
case. 

In the case where C = P , we may suppose that that Zqo = oo. Given m G cu^, let us assume that 
div((p m ) + [D(m)\ ^ [0] + [oo] so that tip m G ^4 m and rVm G A TO . We have (^ m x m )(rVmX™) = 
(VmX m ) 2 G ker<9. Thus tip m x m G ker<9, which contradicts (1). Henceforth div((/? m ) + [25 (rri) J = 
A • [zoo], A G Z^o- An argument similar to that employed in the non-elliptic case, yields div(<^ m ) + 
D(m) = A • [zoo] for some positive A G Q, proving (2). 

We have dimkerS = dimu; v . Since d is an LND, ker<9 has codimension 1 in A. Hence iv y is of 
full dimension in Mq. Furthermore, in the non-elliptic case (2) shows that is linear Vz G A 1 , 

so that uj v is contained in a maximal cone 5 in A(D). 

Assume that lo v C 5. Let m G 5 \ u v and cp m G k(t) be such that D(m) is integral and 
div((/? m ) + D(m) = 0. Letting m! G to y L be such that m + m' G w^, the linearity of 2) implies 
l PmX m( Pm'X rn = '/'m+m'X'™^ G ker 9. Hence tfmX 171 £ kerd which is a contradiction, proving (3) 
in the non-elliptic case. In the elliptic case a similar argument (with z G P 1 \ {^oo}) provides the 
result. 

Finally, since crY^ spans M as a lattice and 9 is a homogeneous LND, for any m G M we have 
m + r deg d £ L for some r£Z. Thus for ^ r > — d the decomposition as in (4) is unique because 
of the minimality of d. □ 

Corollary 3.18. In the notation of Lemma \3.17\ by (3) u C Nq is a pointed polyhedral cone and 
by (2) 

ker a = k<p m xr~k[J£\ 

is an afRne semigroup algebra, in particular ker d is finitely generated. 

Let us consider two basic examples, one with a non-elliptic T-action and the other one with an 
elliptic T-action. They are universal in the sens of Lemma 13.221 below. We use both examples in our 
final classification, cf. Lemma 13.251 and Theorem 13.271 

Starting with an affine toric variety X and a homogeneous LND d of fiber type (see Corollary 
12. 9p . we can restrict the big torus action to an appropriate codimension 1 subtorus T so that d 
becomes of horizontal type for the T-action of complexity 1 on X. This is actually the case in our 
examples. 

Example 3.19. Letting A = A[C,D], where C = A 1 , p G Nq, and D = (p + cr) ■ [0] we have that 
ho : <7 V — > Q, m i— > (m,p) is linear and h z = \/z G k*. Denoting by h : Mq — ► Q the linear 
extension of ho to the whole Mq, for m G <r)^ we obtain 

A m = t~^ m ^k[t}= H r . 

r~^—h(m) 

Letting N = N x Z, M=MxZ, and <j be the cone in JVq spanned by (cr, 0) and (p, 1), a vector 
(m,r) G Mq belongs to the dual cone cr v if and only if m G <r v and r ^ —h(m). By identifying 
^(O' 1 ) with t we obtain 

^4= kf X m = fcx (m ' r) = fe[%] • 

v ' ' M y ' M 

Hence A is an affine semigroup algebra and so, we can apply the results of the previous section. 
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Since Aq is spanned as affine semigroup algebra by the character x^ ' 1 ^ t ne only codimension 1 
face of cx v not containing the lattice vectors (0,1) is 

r = {(m, r) G Mq : m G <r v , r = —h(m)} . 

This is the face of <r v dual to the extremal ray p spanned by (p, 1) in Nq. 

In the notation of Lemma 12.41 picking e' G S p and A G k* we let d = \d Pje > be the homogeneous 
LND with respect to the M-grading described in Lemma 12.61 Since (0, 1) ^ t, d is of horizontal 
type with respect to the M-grading on A. Let deg^j stand for the corresponding degree function. 

For any e' = (e, r) G M x 7L we have deg M d = e and ker d = ^[ty?]. Therefore, in the notation 
of LemmaETTl u v = cr v and L = {m G M : h(m) G Z}. 

To be more concrete, we let d > be the smallest integer such that d ■ p G iV. Then d ■ h is an 
integer valued function on cr]( f . Letting mi G M be a lattice vector such that {h(mi)} = {^}, by a 
routine calculation we obtain 

S p = {(e,r) -.eeL-mx, r = -\ - h{e)} n ^ , (3) 

and 

9 = AtV Ua t + ^ ^(Mi)x Mi ^J , (4) 

where a\ C Nq is as defined in Lemma 12.41 A G A;*, dt is the partial derivative with respect to i, 
and d Vi are the partial derivatives as in Definition 12.11 Moreover, in this case a\ = a X {0} and so 

S p = {(e,r):e£a v n(L-m 1 ), r = -\-h{e)} . 

Example 3.20. Let C = P 1 , p G Nq. Let Aoo be a cr-tailed polyhedron (see Definition ll.il (i)). and 
let ® = (p + a) ■ [0] + Aqo • [oo]. Under these assumptions ho : cj v — > Q, m i— > {m,p) is linear and 
fe 2 = Vz G We let as before /i : Mq — > Q denote the linear extension of ho to the whole Mq. 
We also suppose that p + C u and so the sum ho + /loo ^ is not identically 0. Under these 
assumptions the cr-polyhedral divisor D is proper in the sense of Definition [L2j Letting A = A[C,D], 
for any m G we have 

A m = kt . 

— ho (m) ^.hoo (m) 

Let JV = jV x Z, M = MxZ, and let <r be the cone in ATq spanned by (a, 0), (p, 1) and 
(Aqo, —1). A vector (m,r) G Mq belongs to the dual cone a v if and only if m G <r v , r ^ —ho(m) 
and r ^ h^m). Thus by identifying x'' ' 1 ^ with i we obtain: 

A= ^ X m = fe X (m ' r) = *[%]■ 

Hence A is again an affine semigroup algebra, and so the results in the previous section can be 
applied. 

We let as before pCabe the extremal ray spanned by (p, 1). The codimension 1 face dual to p 

is 

r = {(m, r) G Mq : m G cr v , r = — htm)} . 

In the notation of Lemma 12.41 picking e' G S p and A G A* we let d = \d p ^ e i be the homogeneous 
LND with respect to the M-grading described in Lemma 12.61 Again d is of horizontal type with 
respect to the M-grading on A. 
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Furthermore, for any e' = (e, r) G M x Z we have deg^ d = e and ker 9 = &[Tjg-]. Therefore, in 
the notation of Lemma 13.171 uA = <r v and L = {m G M : h(m) G Z}. 

To be more concrete, we let d and mi be as in the previous example. By a routine calculation 
we obtain that S p is as in ([3]) and 9 is as in (jlj). 

Remark 3.21. (1) In both examples, the homogeneous LND d extends to a derivation on iTo[M] 
given by (JH). 

(2) With the same formula (|3|. d extends to a homogeneous LND on 

A M := H^J&flx™, where Ki M C A [M] . 

meM 

(3) In particular, if p = 0, then p is the extremal ray spanned by (0,1), d = 1, and L = M. 
Furthermore, we can choose mi = so that S p = {M x {—1}) D cr^, and the homogeneous LND 
d of horizontal type on A is given by d = Xx e dt, where (e, —1) G 5 p . 

We return now to the general case. We recall that 

A = A[C, £>], where D = ^ A 



z 

zee 



z 



is a proper cr-polyhedral divisor on C = A 1 or C = P , /i 2 is the support function of A 2 , and d is a 
homogeneous LND of horizontal type on A. 

In the next lemma we show that the subalgebra of A generated by the homogeneous elements 
whose degrees are contained in a; v , is as in the previous examples. 

Lemma 3.22. With the notation of Lemma\3l7l we let = TO6tJ v A m x m . Then A^ ~ A[C, 3)^] 
as M-graded algebras, where 

(i) S w = (p + lo) ■ [0] for some p G JVq, in the case where C = A 1 , and 

(ii) S w = (p + (J) ■ [0] + Aqo • [oo] for some p G ATq and some Aqo G Po1 ct (Aq) with p + Aoo C <r, 
in the case where C = P . 

Proof. By Lemma 13.171 (3), the support functions /i 2 restricted to uA are linear for all z £ A in 
the non-elliptic case and for all z G P 1 \ {-Zqo} in the elliptic case. In the non-elliptic case this shows 
that = X^zeC^ 2 + w ) " z ) where p 2 G Nq. In the elliptic case, we may suppose that z^ = oo and 
so S) w = S z6A i(p 2 + w) • 2 + Aqo • [oo], where A^ G Po1 ct (Aq) and p z G Aq Vz G A 1 . 

By Lemma [L7l (vi) , without loss of generality we may assume that deg d G u) y M . Letting e = deg d 
we consider the 2-dimensional finitely generated normal Z>o-graded domain 



re 



B e — A re % 

If C is affine then (f? e ,c3|s e ) is a parabolic pair in the sense of Definition 3.1 in Fl Za2| . Now 
Corollary 3.19 in loc. cit. shows that, for any r G Z^o> the fractional part {2) w (re)} is supported 
in at most one pointH. While for C projective, (B e ,d\B e ) is an elliptic pair in the sense of loc. cit. 
Then Theorem 3.3 in loc. cit. shows that B e is an affine semigroup algebra. According to Example 



5.1 in Ti2 , for any r G Z^o> the fractional part {£> w (re)} is supported in at most two point. 

Given m G L, the derivation (p m x m d on A with ip m as in Lemma 13.171 (1) is again locally 
nilpotent. Applying the previous analysis to this LND shows that, for any r G Z^O) the fractional 
part {S) Ll j(r • (e + m))} is supported in at most one point in the non-elliptic case and in at most two 

8 The classification results in |FlZa2| are stated for surfaces over the field C but they are valid over any algebraically 
closed field of characteristic with the same proofs. 
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points in the elliptic case. By Lemma 13.171 (4) L and e span M. So the functions hg]^ are integral 
except for at most one value of z in the non-elliptic case and at most two values of z in the elliptic 
case. Furthermore, in the elliptic case one of the two values of z G P 1 such that h z is not integral 
corresponds to z = oo. 

Without loss of generality, in both cases we may suppose that z = is an exceptional value in 
A 1 , provided there is one. In particular p z G N is a lattice vector for any z G k* . Since any integral 
divisor on A 1 and any integral divisor of degree on P 1 are principal, Theorem 11.41 shows that S w 
can always be chosen so that p z = Vz G k*. Now the result follows. □ 

Remark 3.23. (1) By Examples 13.191 and 13.201 the previous lemma shows that A w is an affine 
semigroup algebra, or equivalently, Spec A u is a toric variety. 

(2) In the notation of Lemma 13.221 let h(m) = (m,p). By virtue of Lemma 13.171 (1) and (2), 
L = {m£ M : h(m) G Z}. 

Remark 3.24. Whatever is an isomorphism A ~ A[C, 2)], the proof of the previous lemma implies 
the following. 

(1) If C = A 1 then all h z \ u v are linear and all but possibly one of them are integral. 

(2) If C = P 1 then all but possibly one of h z \ w v are linear and all but possibly two of them are 
integral. 

(3) By virtue of Theorem 11.41 we may suppose, in both cases, that h z \ w \/ = Vz G k* and ^oU v is 
linear. 

The following lemma provides the main ingredient in our classification of the homogeneous LNDs 
of horizontal type. 

Lemma 3.25. Let 2) be a proper a -polyhedral divisor on C = A 1 or C = P 1 . Let to v be a maximal 
cone in the quasifan A (2)) or A(2)| A i), respectively, such that h z \ w v = Vz G k*. Let d be the 
derivation of degree e given by formula Q. Then d extends to a homogeneous LND on A = A[C, 2)] 
if and only if, for every m G g m such that m + e G <j m the following hold. 

(i) Ifh z (m + e) / 0, then [h z (m + e)J - [h z (m)\ >lVzeF. 

(ii) If ho(m + e) ^ h(m + e), then [dh^m + e)J — [dhQ(m)\ ^ 1 + dh(e). 
(Hi) If C = P 1 , then [dh^m + e)J - [dh 00 {m)\ > -1 - dh(e). 

Here h is the linear extension of /io|u; v and d > is the smallest integer such that dh is integral. 

Proof. Similarly as in Example 13.191 h(m) = {m,p} for some p G Nq. Since each h z is upper convex 
(see Definition ll.il (ii)). h z (m) ^ for z G k* and ho(m) ^ h(m). Letting Am = © mgJW - Pm^Wx™! 
where ip m = t~LM m )J ( see Remark 13. 21 j) we have A C ^4^- By virtue of this remark d extends to a 
homogeneous LND on Am- We still denote by d this extension. Thus d extends to a homogeneous 
LND on A if and only if d stabilizes A. 

To show that d stabilizes A, let us start with the simplest case where h = 0. 

Case h = 0. In this case, Remark 13.211 (3) shows that L = M, d = 1, and r = —1, and so 
d = \x e dt- Furthermore, h z ^ Vz G A 1 and in the elliptic case 0. For any m G cr]^ such 

that m + e G cYf , the conditions in the lemma can be reduced to 

(i) If h z (m + e) + 0, then [/^(m + e)J - [h z (m)\ > 1 G A 1 . 

fm'J If C = P 1 , then L/ioo(m + e)J - L^oo("i)J > -1 Vm G ct^. 

In this case A m = F° (C, C([2)(m)J)) C fe[i] and d stabilizes A if and only if 

/(*) G A m f'(t) G A m+e , Vm G , 
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or equivalently 

div/+ [D(m)\ ^ => div/'+ [£)(m + e)J > 0,Vm G , 

or else 

ord z (/) + [h z (m)\ > => ord 4 (/') + LM m + e )J )0,Vme4 and Vz G C. (5) 
Next we show that (i') and (in') hold if and only if dSJ holds. 

Let z G A 1 and let m G a y M such that m + e G u^. If h z {m + e) = the condition © holds 
since / G fc[t]. 

Assume /i 2 (m + e) ^ 0. Since /i 2 ^ is upper convex, if h z (m) = then /i 2 (m + re) / 
Vr > 1 contradicting the fact that d is an LND. Hence we may assume that h z (m) ^ so that 
/ G (t — z)k[t]. In this setting ord z (/') = ord^(/) — 1 and so 

ard*(/') + L^(m + e)J = ard,(/) + L^MJ + {[h z {m + e)\ - [h z (m)\ - 1) . (6) 

Therefore (f) implies ©. 

To show the converse, let us suppose that ([5]) holds. Assuming that C is affine, for every m G cr y M 
we consider ip m as in Lemma f3. 171 Since by this lemma ord z (</? m ) + [h z (m)\ = 0, applying © and 
([6]) to we obtain 

ord z {(p m ) + [h z {m)\ + ([h z {m + e)\ - [h z {m)\ - 1) = [h z (m + e)\ - [h z (m)\ -1 > 0, 

proving (f) when C is affine. If C is projective, then for any z G A 1 and any m G we can still 
find ip m , z £ A m such that ord z ((p m:Z ) + |_fyz(?™)J = 0. Thus again the previous argument applies. 

In the elliptic case, we let z = oo and we fix m G crY^. If / is constant, then ([5]) holds because 
hoo(rn) ^ 0. Otherwise ordoo(/') = ordoo(/) + 1 and so 

ordoo(/') + L/ioo(m + e)J = ord oc (/) + |hoo(m)J + ( LM™ + e)J - |fcooMJ +1) . (7) 
Therefore (iii') implies ©. 

To show the converse, we let as before <p m ,oo £ A m be such that ordoo(99 mi00 ) + |>ooMJ = 0. 
Applying ([5]) and (|7|) to ip m ,oo we obtain 

ord 00 ((/? m , i00 ) + |>oo("i)J + {[h 00 (m + e)\ - \hoo{m)\ + 1) = Lft-oo("i + e)J - |>oo("i)J +1^0, 

proving (iii'). 

Next we assume that h is integral. 

Case h integral. In this case we still have d = 1. We recall that h(m) = (m,p). Letting 
£' = £ - (p + a ) ■ [0] if C is affine and £>' = £> - (p + a) • [0] + (p + a) ■ [oo] if C is projective, by 
Theorem 11.41 (iii) A ~ A[C, 2)']. In this setting A[C, 2)'] is as in the previous case with h' = ho — h, 
h'oo = ^oo + h and /i' z = h z Vz £ k* . 

This consideration shows that 9 stabilizes A if and only if (i') and (iii') hold for h' z (m) \/z G C. 
For any z £ k* , (f) is equivalent to (i) in the lemma. Since 

[h' (m + e)J - L^oHJ - 1 = IA>(™ + e)J - |fco(m)J " 1 " %) , 
condition (i') for z = is equivalent to (ii). 
Similarly, if C is projective 

L/4(m + e)J - |XoMJ + 1 = LM™ + e)J - LM"»)J + 1 + h(e) , 
and so (iii') is equivalent to (iii). 
Now we turn to the general case. 
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General case. We may assume that h is not integral i.e., d > 1. We consider the normalization 
A' of A[yipdeX e \i where <p<ie '■= t _ ' l ( c(e ) so that A C A' is a cyclic extension. With the notation of 
Lemma [fl] we have A' = A[C , ,D'] and K' = K [^pZ\. 

By the minimality of d we deduce that gcd(h(de), d) = 1 and so tfPde = t a+b / d , where gcd(&, d) = 
1. So Kq = k(s), where s d = t. Thus C ~ A 1 if A is non-elliptic and C ~ P 1 if A is elliptic. Let 
p : C —> C, z' ^ z' d = z be the projection induced by the morphism Kq <— > A"q, t ^ t = s d . By 
Lemma 11.61 we have 

©' = d • A • [0] + A z ■ z' if C = A 1 , 

and 

£' = d • A • [0] + d ■ Aoo • [oo] + ^ A z ■ z if C = P 1 . 

So h' = dho, h'ae = dhoo and h' z , = h z . Moreover h' \ u v is integral and A' is as in the previous case. 
Recall that Am = mG M fmkltjx" 1 , where ip m = i _ LM m )J. We define further 

A' M = © V' m k[s]x m , where ^ = -s dh ^ . 

Since Am Q A' m is a cyclic extension, by Lemma fl . 1 11 d : Am — > Am extends to a homogeneous 
LND d' : A' M — > A' A/ . 

We claim that 3 stabilizes A if and only if d' stabilizes A'. In fact the "only if" direction is a 
consequence of Lemma ll.lll If & stabilizes A' then d'(A) = d{A) C Am fl A' = A, proving the 
claim. 

We let /?/ be the linear extension of /iq| w v. Clearly h' = dh. The previous case shows that & 
stabilizes A' if and only if, for any m G a M such that m + e G cr)(/, the following conditions hold. 

If ^,(m + e) / 0, then [^(m + e)J - IfcyMJ > 1 Vz ' e 
(i/'j If ^(m + e) ^ h'(m + e), then [_/»{, (ro + e)J - [h' (m)\ ^l + h'(e). 
(Hi") If C = P 1 , then |Xo(m + e)J - IXoMJ > -1 - fc'(e). 

Replacing in (i")-(iii") h' by dh, h' by d/io, by dh^, and /i' z , by h z for z G fe*, shows that d 
stabilizes A if and only if (i)-(iii) of the lemma hold. Now the proof is completed. □ 

Remark 3.26. In the elliptic case, if e G uj m , then (iii) in Lemma 13.251 holds. In fact 

[dhoolm + e)J — [dh 00 (m)\ ^ dhodm + e) — 1 — dh^m) 

^ d/ioo(e) - 1 ^ -dh(e) - 1. 

In the following theorem we describe all the homogeneous LND of horizontal type on a T- variety 
of complexity one. It is our main classification result which summarizes the previous ones. 

Theorem 3.27. Let D be a proper a-polyhedral divisor on C = A 1 or C = P 1 , and let A = A[C, 2)]. 
Let w v C Mq be a polyhedral cone, and e G M be a lattice vector. Then there exists a homogeneous 
LND d : A — ► A of horizontal type with deg<9 = e and uj v (d) = uA if and only if the following 
conditions (i)-(v) hold. 

(i) If C = A 1 , then u v is a maximal cone in the quasifan A(33), and there exists zq G C such that 
h z \ u v is integral Vz G C \ {zq}. 

(f) IfC = P 1 , then there exists z^ G P 1 such that (i) holds for C := P 1 \ {zoo}- 

Without loss of generality, we may suppose that zq = 0, z^ = oo in the elliptic case, and ^ z (m)| w v = 
\/z G k*. Let h and d be as in Lemma \3.25\ let m\ be as in Example 13. 1 91 and let L be as in 
Remark\3jM(2). 
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(ii) The lattice vector (e, — 4 — h(e)) belongs to S p as defined in ((3j). 
For any m £ a M such that m + e £ <t]^ , the following hold. 
(Hi) Ifh z (m + e)^0, then [h z (m + e)J - LM m )J > 1 Vz S F. 

(iv) If h$(m + e) 7^ /i(m + e), then [d^o( m + e )J — [dho(m)\ ^ 1 + dh(e). 

(v) IfC = P 1 , then L^oo(m + e)J - |d&ooMJ ^ -1 - dh(e). 
Moreover, 

kerd= A^ mX m , 

where £ j4 m satisfy the relation 

drv(<p m ) + JD(m) = if C = A 1 or div(^ m )| Co + 2)(ro)|c =0 if C = P 1 . 

Proof. Let 3 be a homogeneous LND of horizontal type on A with deg<9 = e and u> v (<9) = u v . 
Lemma 13.171 (3) and Remark 13.241 show that (i) and (i') hold. Lemma 13.221 and Examples 13. 191 and 
13.201 shows that (ii) holds. To conclude, Lemma 13.251 shows that (iii)-(v) hold. 

To show the converse, assume that (i), (i') and (ii)-(v) are fulfilled. By Theorem ll.4l (i) and (i') 
imply that A w ~ A[C,D U ] with 2) w as in Lemma 13.221 By Examples 13.191 and 13.201 and Remark 
13.211 (2). (ii) shows that there exists a homogeneous LND d : Am — > Am with deg<9 = e. By Lemma 
13.251 and its proof, (iii)-(v) imply that d restricts to a homogeneous LND on A. Finally, by Lemma 
(333(3), (i) and (i') imply that oj y (d) = w v . 

Moreover, Lemma 13.171 (1) and (2) give the desired description of ker<9. □ 

Corollary 3.28. In the notation of Theorem \3.27l A admits a homogeneous LND d of horizontal 
type such that Lv v (d) = lo v if and only if (i) and (?) in the theorem hold. 

Proof. The "only if part follows directly form Theorem 13.251 

Assume that (i) and (i') hold. By Theorem 13.251 and Examples 13.191 and 13.201 we only need to 
show that there exists e £ M such that (e, — \ — h(e)) £ S p and (iii)-(v) hold. 

Let (e', r') £ S p (by Remark 12.51 this set is non-empty). By this remark e = e' + m Vm £ uj^ is 
such that (e, r' — h(m)) £ S p . In particular, we can assume that e belongs to the relative interior of 
w v . In this setting, Remark 13.261 shows that (v) holds. 

As in the proof of Lemma 13.31 f° r every z £ A , we let {5q iZ ,--- ,d~£ z . z } denote the set of all 
maximal cones in A(h z ) and g r>z , r £ {0, • • • ,£ z } be the linear extension of h z \$ rz to Mq. We 
assume further that ui v C Sq jZ \/z £ A . 

Since the functions h z are upper convex, the inequalities in (iii) and (iv) hold if they hold in 
every maximal cone on A(h z ) except 5q^ z i.e., 

(iii') [g r ,z( m + e )J - l9z(m)\ ^ 1 Mz £ k*, Vr £ {1, • • • , t z } and Vm £ 5 r , z n M. 
(iv') [dg rfi (m + e)J - [dg rj0 (m)\ > 1 + dh(e) Vr £ {1, • • • , £ } and Vm £ 5 rfi n M. 
These inequalities are fulfilled if 
g r , z (e) > 1 Vz£ F andVr £ {l,--- ,4}, and 5r ,o(e) > £ + |7»(e)l Vr € {1, • • • ,4} • (8) 

Since e belongs to the relative interior of lo v , we have g r ,z(e) > go, z (e) Vz £ A 1 , <?o,o(e) = Me), 
and go ;Z = Vz £ k*. By the linearity of the functions g r>z we can choose e such that ([8|) holds, 
proving the corollary. □ 

Corollary 3.29. In the notation on Theorem \3.27\ two homogeneous LND d and d' of horizontal 
type on A are equivalent if and only if u) v (d) = u) v (d') and, in the elliptic case, Zoo(d) = z 00 (d'). 
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Proof. Indeed, the description of ker d given in Theorem 13. 271 depends only on u v in the non-elliptic 
case and on w v and S C in the elliptic one. □ 

Corollary 3.30. The number of pairwise non-equivalent homogeneous LNDs of horizontal type 
on A = A[C, D] is finite except in the case where A is elliptic and there exists a maximal cone u> v 
of A(Z)) such that all but possibly one h z \ w ^ are integral. 

Proof. Since A(S)) has only a finite number of maximal cones, Corollary 13.291 gives the result in the 
case where A is non-elliptic. Furthermore, in the elliptic case by this corollary there is an infinite 
number of pairwise non-equivalent LNDs on A if and only if in Theorem 13.271 (i') we can choose 
Zoo £ arbitrarily. However the latter is indeed possible under the assumptions of the corollary. □ 

Example 3.31. A combinatorial description of k^ = k[x,y] with the grading induced by degx = 
degy = 1 is given by the proper u-polyhedral divisor D = (1 + a) ■ [0] on P 1 , where a = Qj>o ^ 
Nq ~ Q. By Corollary 13.301 there exist an infinite number of pairwise non-equivalent LNDs on k^ 
homogeneous with respect to the given grading. Indeed, the derivations on the family 

A dx ^ ^ dy 
are homogeneous and pairwise non-equivalent for different values of A. 

In contrast, a combinatorial description of with the grading induced by degx = — degy = 1 
is given by the proper er-polyhedral divisor D = [0,1] • [0] on A 1 . By Corollary 13.301 there exist a 
finite number of pairwise non-equivalent LNDs homogeneous with respect to this grading. Indeed, 
by Corollary 13.281 the only such LNDs are the partial derivatives. 

In the following example we study the existence of homogeneous LNDs on the M-graded algebra 
A of Example 11.51 

Example 3.32. Let the notation be as in Example 11.51 Since a = {0}, Lemma 13.11 shows that 
there is no homogeneous LND of fiber type on A. In contrast, let us show that there exist exactly 
4 pairwise non-equivalent homogeneous LNDs on A. 

Indeed, since /io is the only support function which is non- integral Corollaries 13.281 and 13 . 291 show 
that there are four non-equivalent homogeneous LNDs of horizontal type on A corresponding to the 
four maximal cones in A (£)), 

Si = cone((l, 0), (-4, 1)), 5 2 = cone((-4, 1), (-1, 0)), 
5 3 = cone((-l, 0), (8, -1)), 5 4 = cone((8, -1), (1, 0)) . 

For the cones 5\ and 5 2 the hypothesis of Lemma [3.251 are fulfilled i.e., h z \s i = Mz € k* for i = 1,2. 
Moreover, e\ = (—3,1) and e 2 = (—8,1) satisfy conditions (i)-(iii) in this lemma for 5\ and <!>2, 
respectively. 

We let d\ and d 2 be the respective LNDs defined in @. By a routine calculation we obtain 

dl = ftHWft - \ X ^d Ul - X (~ 3 ' 2 ^ 2 and d 2 = X ^d t , 

where {v\, v 2 } is the standard basis of Nq, dt is the partial derivative with respect to t, and d Ui are 
the partial derivatives as in Definition 12.11 

Furthermore, under the isomorphism (TjQ) in Example 11.51 d\ and d 2 can be extended to k^ = 
k[xi, x 2 , X3, X4] as LNDs 

15 23^ in 9 . a . 8 

01 = -~x 3 - \-x 1 x 2 - — and d 2 = £3- (2xix 2 + 1)- — . 

4 ox 2 0x4 ox\ 0x4 

To obtain the derivations corresponding to £3 and £4 we let C = Specfcfs], A[ = {0} x [—1,0], 
and & = Ao • [0] + • [1]. Theorem [PI shows that A ~ A[C, 25']. Under this new combinatorial 
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description we have 

Ul = -8 X m , n 2 = X (- 1 '°), u 3 = (l- S )x ( - 4,1) , and u 4 = s X {8 '- %) ■ 

Now the assumptions of Lemma 13.251 are satisfied for 63 and ^4. Moreover, = (4,-1) and 
(9, —1) satisfy conditions (i)-(iii) in this lemma for £3 and 84, respectively. 

We let (?3 and be the respective LNDs defined by (jH). By a simple computation we obtain 

d 3 = sx^ds - X (4 ' 0) d„ 2 and d, = s\^d s - d Vl - s X ^d V2 , 

where d s is the partial derivative with respect to s. 

Furthermore, under the isomorphism (pQ) ^3 and 84 are induced by the LNDs 

<9 3 = -x 4 - 1- {2x1X2 + l)a — and d4 = -x 4 - xfxl- — 

ax\ 0x3 4 0x2 0x3 

on fcW. 

3.3 The surface case 

A description of C*-surfaces was given in [FIZai in terms of the DPD (Dolgachev-Pinkham- 



Demazure) presentation. In jlFlZa^j this description was applied to classify the homogeneous LNDs 
on normal affine C*-surfaces (of both horizontal and fiber type). Here we relate both descriptions. 
Besides, we stress the difference that appears in higher dimensions. 

In the case of dimension 2 the lattice N has rank 1, which makes things quite explicit (cf. e.g., 

M- 

We treat the elliptic case first. In this case a is of full dimension, and so we can assume that 
a = Q^o Q Nq = Q. Let A = A[C, D], where D is a proper cr-polyhedral divisor on a smooth 
projective curve C. In this setting, T> is uniquely determined by the Q-divisor T>(1) on C. Here 
(C,D(1)) coincides with the DPD presentation data. Since the only extremal ray of a is a itself and 
deg3} is cr-tailed (see Definition II .lh . by Corollary 13.121 there is no homogeneous LND of fiber type 
on A. 

Furthermore, if there is a homogeneous LND d of horizontal type on A, then u v (d) = cr v , and 
so by Remark 13.231 (1) A = A^ is an affine semigroup algebra i.e., Spec A is an affine toric surface. 
This corresponds to Theorem 3.3 in loc. cit. 

Next we consider a non-elliptic algebra A so that C is an affine curve. In loc. cit. this case 
is further divided into two subcases, the parabolic one which corresponds to a = Q^O) an d the 
hyperbolic one which corresponds to a = {0}. 

In the parabolic case, the DPD presentation data is the same as in the elliptic one. In this case 
there is again just one extremal ray p = a and S p = {—1}. Moreover, since the support functions 
h z are positively homogeneous on er v = Q^q, they are linear and so Z)_i = S)(l) (see Lemma \3.3\i . 
By Theorem 13.81 the homogeneous LNDs of fiber type on A are in one to one correspondence with 
the rational functions 

This corresponds to Theorem 3.12 in loc. cit. 

If a graded parabolic 2-dimensional algebra A admits a homogeneous LND of horizontal type, 
then Spec^4 is a toric variety by the same argument as in the elliptic case. This yields Theorem 3.16 
and Corollary 3.19 in loc. cit. 

In the hyperbolic case D is uniquely determined by the pair of Q-divisors (D(l), T>(— 1)) which 
correspond to the pair (D + , D ) in the DPD presentation data. According to our Definition ll.il (n). 
this pair satisfies + Q(— 1) ^ 0. In this case, by Lemma 13. II there is no homogeneous LND of 
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fiber type on A since a = {0}. This corresponds to Lemma 3.20 in loc. cit. 

The homogeneous LNDs of horizontal type are classified in Theorem 13.271 above. Specializing 
this classification to dimension 2 gives Theorem 3.22 in loc. cit. More precisely, conditions (i) and 
(ii) of 13.271 lead to (i) of Theorem 3.22 in loc. cit. while (iii) and (iv) in 13.271 lead to (ii) in Theorem 
3.22 in loc. cit. 

In contrast, in dimension 3 a new phenomena appear. For instance, there exist non-toric three- 
folds with an elliptic T-action and a homogeneous LND of horizontal or fiber type, see subsection 
14.31 for an example of fiber type. With the notation as in subsection 14.31 considering C = P 1 and 
D = A • [0] + A • [1] + A • [oo] gives an example with LNDs of both horizontal and fiber type. 



4. Applications 

In this section we give some applications of our classification results. 



4.1 Finite generation of the ring of invariants 

The generalized Hilbert's fourteenth problem can be formulated as follows. 

Let k C L C K be field extensions, and let A C K be a finitely generated k-algebra. Is it true 
that the k-algebra An L is also finitely generated? 

In the case where K = Frac A and Spec A has a A; + -action, we consider L = K k+ so that A n L is 
the subring of invariants of the /c+-action. So A n L = ker d, where d is the associated LND on A. 
In this case the answer is known to be negative even for the polynomial rings in n 5 variables. 

Explicit counterexamples can be found in [Roj . |Fri| and [DaFrj (see also |Fr2j Chapter 7]). For 
instance, Daigle and Freudenburg showed in [DaFrj that ker d is not finitely generated for the LND 

„ n d d d 2 d 

O = X % - h X 2 ^ h X 3 - h X 17 r 

OX2 OX3 OX4 OX5 

on k^ = k[x\, . . . ,x§\. Furthermore it is easy to see that d is homogeneous under the effective 
Z 2 -grading on given by 

degxi = (1,0), degx 2 = (3, 1), degx 3 = (3,2), degx 4 = (3,3), degx 5 = (2, 1) . 

The corresponding T-action on A 5 is of complexity 3. On the other hand, for T-actions of complexity 
or 1 we have the following result. 

Theorem 4.1. Let A be a normal finitely generated effectively M -graded algebra, where M is a 
lattice of finite rank, and let d be a homogeneous LND on A. If the complexity of the corresponding 
T-action on Spec A is or 1, then ker d is Enitely generated. 

Proof. If the complexity is 0, then by Lemma 12.61 and Theorem 12.71 ker d is an affine semigroup 
algebra, and so it is finitely generated. 

If the complexity is 1 and d is of horizontal type, then Corollary 13.181 shows again that ker d is 
an affine semigroup algebra. 

In the case of complexity 1 and d of fiber type, we let A = A[C, D], where D is a proper o~- 
polyhedral divisor on a smooth curve C. In the notation of Theorem 13.81 we have d = d Pt e tt p, where 
p C o is an extremal ray. Letting r C cr v be the codimension 1 face dual to p, Lemma 13.61 shows 
that ker d = e merM A m Y"\ 

Let 01, . . . , a r be a set of homogeneous generators of A. Without loss of generality, we assume 
further that deg 04 £ rjf if and only if 1 ^ i ^ s < r. We claim that a±, . . . ,a s generate ker d. Indeed, 
let P be any polynomial such that P{a\, . . . , a r ) G ker d. Since r C <j v is a face, ^m; £ tm for 
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nii S o~Y, implies that mi G r \/i. Hence all the monomials composing P{a\, . . . ,a r ) are monomials 
in ai, . . . , a s , proving the claim. □ 

Remark 4.2. In the particular case where Spec A is rational, Theorem 14.11 is a consequence of 
Theorem 1.2 in |Kuj . 

Remark 4.3. To our best knowledge it is unknown whether Theorem 14.11 holds in complexity 2. 
4.2 The Makar-Limanov invariant 

Let A be a finitely generated normal domain, and let LND(A) be the set of all LNDs on A. The 
Makar-Limanov invariant of A is defined as 

ML(A)= p| kerd. 

dGLND(A) 

Similarly, if A is effectively M-graded we let LND^(^4) be the set of all homogeneous LNDs on A, 
and we call 

ML h (A)= p| kerd 

<9eLND/j(A) 

the homogeneous Makar-Limanov invariant of A. Clearly ML (A) C MLh(A). 

In the sequel we apply the results in Section 2 and 3 in order to compute MLh(A) in the case 
where the complexity of the T-action on Spec A is or 1. We also give some partial results for the 
usual invariant ML(^4) in this particular case. 

Remark 4.4. Since two equivalent LNDs (see Definition II. 8j) have the same kernel, to compute 
ML (A) or ML/j(^4) it is sufficient to consider pairwise non-equivalent LNDs on A. The pairwise 
non-equivalent homogeneous LNDs on A are classified in Corollary 12. 101 for complexity case, and 
in Corollaries 13.101 and 13.291 for complexity 1 case. 

We treat first the case of complexity 0. Let a C Nq be a pointed polyhedral cone. 

Lemma 4.5. If A = k[o~^] is an affine semigroup algebra, then 

ML(A) = ML h (A) = k[9 M ] , 

where 9 C Mq is the maximal subspace contained in <r v . In particular ML(A) = k if and only if a 
is of complete dimension. 

Proof. By Corollary 12.101 and Theorem 12.71 the pairwise non-equivalent homogeneous LNDs on A 
are in one to one correspondence with the extremal rays of a. For any extremal ray p C a and any 
e 6 S p as in Lemma I2.4| the kernel of the corresponding homogeneous LND is ker<9 Pje = /c[tm], 
where r C cr v is the codimension 1 face dual to p. 

Since 9 C cr v is the intersection of all codimension 1 faces, we have ML^(^4) = /c[#a/]- Fur- 
thermore, the characters in fc[#Af] Q A are invertible functions on A and so, by Lemma 11.71 (hi), 
d(k[9 M }) = yd G LND (A). Hence k[9 M ] Q ML (A), proving the lemma. □ 

For the rest of this section, we let A = A[C,Q], where D is a proper cr-polyhedral divisor on 
a smooth curve C. We also let ML fib(A) and ML^ OT ,(^4) be the intersection of the kernels of all 
homogeneous LNDs of fiber type and of horizontal type, respectively, so that 

ML h (A) = ML flb (A) n ML hor (A) . (9) 

We first compute MLfib(A). If A is non-elliptic (elliptic, respectively) we let {p{\ be the set of 
all extremal rays of cr v (of all extremal rays of cr v such that p D degS) = 0, respectively). In both 
cases we let Tj C Mq denote the codimension 1 face dual to pi and 9 = P)rj. 
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Lemma 4.6. With the notation as above, 

ML fib (A)= A mX m . 

Proof. By Corollary 13.121 for every extremal ray pi there is a homogeneous LND di of fiber type 
with kernel kerdj = © m6T . n ^ A mX m . By Corollary 13.101 any homogeneous LND of fiber type on A 
is equivalent to one of the cV Finally, taking the intersection f^kerSj gives the desired description 
ofML /i6 (A). ' □ 

Remark 4.7. If A is non-elliptic, then 9 C Mq is the maximal subspace contained in cr v . In particular, 
if A is parabolic then 6 = {0} and MLfib(A) = Aq, and if A is hyperbolic then 6 = Mq and 
ML fib (A)=A. 

If there is no LND of horizontal type on A, then ML hor (A) = A and ML h (A) = ML fib (A). In 
the sequel we assume that A admits a homogeneous LND of horizontal type. 

If A is non-elliptic, we let {5i} be the set of all cones in Mq satisfying (i) in Theorem 13.271 and 
6 = P)^ <5j. If A is elliptic, we let be the set of all cones in Mq satisfying (i') in Theorem 13.271 

with Zqo = z, B = {m G a v : /i-dogD = 0}, and S = z 5i ;Z n -B. 

Lemma 4.8. With the notation as before, if d is a homogeneous LND on A of horizontal type, then 

ML hor (A) = k<p mX m , 

m£8 L 

where L = L(d) and (p m G A m satisfy the relation div(c/? m ) + D(m) = 0. 

Proof. We treat first the non-elliptic case. By Corollary 13.281 for every 5i there is a homogeneous 
LND di of horizontal type with kernel 

kerdi= k^ mX m , 

where Lj = L[dj) and (p m G A m is such that div(ip m ) + D(m) = 0. By Corollary 13.291 any homo- 
geneous LND of horizontal type on A is equivalent to one of the di. Taking the intersection of all 
ker di gives the lemma in this case. 

Let further A be elliptic, and let d be a homogeneous LND of horizontal type on A. Let zq, £ 
Pi, and u; v and L be as in Theorem 13.271 so that 

kerd= k^ mX m , 

where ip m G A m satisfies div(^ m )|pi\{ Zoo } + S(m)| P i\ {Zoo} = 0. 

By permuting the roles of zq and z^ in Theorem 13.271 we obtain another LND & on A. The 
description of ker d and ker d' shows that 

ker d n ker & = kcp X m , 

where ip m G A m is such that div(<^ m ) + D(m) = 0. 

Now the lemma follows by an argument similar to that in the non-elliptic case. □ 

Theorem 4.9. In the notation of Lemmas \4.6\ and \4.8l if there is no homogeneous LND of horizontal 
type on A, then 

ML h (A)= A mX m . 

m£0M 
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If d is a homogeneous LND of horizontal type on A, then 

ML h (A)= ktpr, 

where L = L(d) and (p m G A m is such that div(<^ m ) + 2)(m) = 0. 

Proof. The assertions follow immediately by virtue of (J9j) and Lemmas 14.61 and 14.81 □ 

In the following corollary we give a criterion of triviality of the homogeneous Makar-Limanov 
invariant MLh(A). 

Corollary 4.10. With the notation as above, MLh(A) = k if and only if one of the following 
conditions hold. 

(i) A is elliptic, rank(M) ^ 2, and deg 55 is contained in the relative interior of <r v . 

(ii) A admits a homogeneous LND of horizontal type and 9 n 8 = {0}. 
In particular, in both cases ML (A) = k. 

Proof. By Lemma \A.6\ (i) holds if and only if ML/ lor ( J 4) = k. By Theorem 14. 9\ (ii) holds if and only 
if there is a homogeneous LND of horizontal type and ML/,(j4) = k. □ 

Remark 4.11. It easily seen that MLf l (A) = k for A as in Example 13.321 
4.3 A non-rational threefold with trivial Makar-Limanov invariant 

To exhibit such an example, we let a be a pointed polyhedral cone in Mq, where rank(M) = n ^ 2. 
We let as before A = A[C,D], where D is a proper cr-polyhedral divisor on a smooth curve C. By 
[TT2] Frac A = K (M) and so Spec ,4 is birational to C x P n (cf. Corollary 3 in fT^\ ). 



By Corollary 14.101 if A is non-elliptic and ML (A) = k, then A admits a homogeneous LND of 
horizontal type. So C ~ A 1 and Spec A is rational. On the other hand, if A is elliptic Corollary 14.101 
(i) is independent of the curve C. So if (i) is fulfilled, then ML(A) = while Spec A is birational to 
CxP". This leads to the following corollary. 

Proposition 4.12. Let A = A[C, £>], where D is a proper a-polyhedral divisor on a smooth pro- 
jective curve C of positive genus. Suppose further that deg D is contained in the relative interior of 
a. Then ML(A) = k whereas Spec A is non-rational. 

In the rest of this section we give a simple geometric example illustrating this proposition. 

Letting N = Z 2 , we fix the standard dual bases {fix, 1x2} and {y\, V2} for Mq = Q 2 and Nq = Q 2 , 
respectively. We let o = cone(Vi, z^), A = i>i + + o and h = h& so that h{mi,m2) = mi + m2- 

Furthermore, we let A = A[C,D], where C C P 2 is the elliptic curve with affine equation 
s 2 - t 3 + t = 0, and £> = A • P is the proper <r-polyhedral divisor on C with P being the point at 
infinity of C. 

Since C j^P 1 and deg 2) = A, A satisfies the assumptions of Corollary 14.121 Letting Kq be the 
function field of C, by Theorem 11.41 we obtain 

A (mi>m2) = H°(C, 0((mx + m 2 )P)) C K . 

The functions t, s € Kq are regular in the affine part of C, and have poles of order 2 and 3 on 
P, respectively. By the Riemann-Roch theorem dim H°(C, 0{rP)) = r Vr > 0. Hence the functions 
{t l ,t^s : 2i ^ r and 2j + 3 ^ r} form a basis of H (C,O(rP)) (see [Ha] Chapter IV, Proposition 
4.6). 
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In this setting we have 

-4(o,o) = -4(i,o) = -4(0,1) = k , 
-4(2,o) = -4(i,i) = -4(o,2) = k + kt, 
-4(3,0) = -4(2,i) = -4(i,2) = -4(o,3) = k + kt + ks , 
-4(4,o) = -4(3,1) = -4(2,2) = -4(i,3) = -4(o,4) = k + kt + kt 2 + ks . 

It is easy to see that A admits the following set of generators. 

Ul = x (l,0) , U2 = x (0,l) , U3 = tx (m , U4 = tx (l,l) , U5 = tx (0,2) ; 

So A ~ kffl/I, where = k[x\, . . . , xg], and I is the ideal of relations of Ui (i = 1 . . . 9^. 

Furthermore, A m C /c[s,i]/(s 2 — i 3 + i) Vm G ct^j since 2) is supported at the point at infinity 
P. The semigroup a y M is spanned by \x\ and p2, so letting u = X m and u; = x M2 we obtain 

A = fc[u, w, tv 2 ,tvw, tw 2 , sv 3 , sv 2 w, svw 2 , sw 3 ] C fc[s, t, v, w\/ (s 2 — t 3 + t) . 

Thus Spec A is birationally dominated by Co x A 2 , where Co = C \ {P}. 

Since C 9^ P 1 , by Lemma [3.151 there is no homogeneous LND of horizontal type on A. There are 
two extremal rays pi C a spanned by the vectors Ui, i = 1, 2. Since deg2) = A is contained in the 
relative interior of a, Corollaries 13 . 101 and 13 . 121 imply that there are exactly 2 pairwise non-equivalent 
homogeneous LNDs di of fiber type which correspond to the extremal rays pi, i = 1,2, respectively. 

The codimension 1 face t\ dual to p\ is spanned by P2 and, in the notation of Lemma 13.61 
S P1 = {(— l,r) : r > 0}. Letting e\ = (-1, 1) yields D ei = and so $ ei = k. We fix <p± = 1 e $ ei . 
By the same lemma we can chose <9i = <9 Pl jei = x^ 2 d Ul , where d Ul is the partial derivative as in 
Notation [27T1 

Likewise, the codimension 1 face T2 dual to P2 is spanned by p\ and, in the notation of Lemma l3.6l 
S P2 = {(r, -1) : r ^ 0}. Letting e 2 = (1, -1) yields D e2 = and so <3? e2 = k. We fix (£2 = 1 G $ e2 . 
By Lemma IBTBI we can chose 92 = 9 P2ie2)V2 = x^ 1 du 2 i where <9 V2 is as in Notation 12. 1L 

The kernels of d\ and d are given by 

kerdi= A mX m and kerd 2 = A mX m . 

meriOAf mgT2nM 

Since t\ n T2 = {0} we have 

ML(A) = ker di n ker <9 2 = ^( ,o) = k . 
This agrees with Corollary 14.121 

The LNDs di are induced, under the isomorphism A ~ k^/I, by the following LNDs on k^: 

_ d ^ d d „ 9 „ 9 

<9i = x 2 ^ h 2x 4 ^ h x 5 - h 3x 7 - h 2x 8 - h x 9 -— , 

axi 0x3 0x4 oxq ox-j Ox% 



and 



d d d d d d 

02 = XI- h X 3 - h 2X4 7^ h ^6 o h 2x 7 - h 3x 8 ^ 

c*X2 0x4 0x5 ox-j oxs 0x9 



respectively. 

We let below X = Spec A, and we let tt : X — ■» C be the rational quotient for the T-action on 
X. The comorphism of tt is given by the inclusion tt* : Kq <— > Fracyl = Kq^Ij 1*2)- 



9 Using a software for elimination theory, we were able to find a minimal generating set of I consisting of 22 polynomials. 
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The orbit closure G = 7T"" 1 (0, 0) over (0,0) E C is general and it is isomorphic to A 2 = 
Spec k[xi, x 2 \. The restrictions to of the A; + -actions <pi corresponding to di, i = 1,2, respectively 
are given by 

(j)i\e : (t, (xi,x 2 )) (xi + tx 2 ,x 2 ) and 2 |e : (*, x 2 )) >->■ (zi, x 2 + tx\) . 

Furthermore, the there is a unique singular point £ X corresponding to the fixed point of the 
T-action on X. The point is given by the augmentation ideal 

^+=0 A mX m , 

On the other hand, let A = A[C,D], where D is a proper u-polyhedral divisor on a smooth 
projective curve C. By Theorem 2.5 in [KaRuj , if Spec^4 is smooth, then Spec A ~ A n+1 (see also 
Proposition 3.1 in [Suj ). In particular, Spec^l is rational. 
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